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Abstract— This paper presents the accessibility and small-
time local controllability (STLC) results for N-link horizontal
planar manipulators with only one unactuated joint. STLC
is important in controls, both for design considerations and
because large and swinging maneuvers may be avoided for
close reconfiguration if a system is STLC. Despite the fact that
controllability of underactuated horizontal planar manipulators
has been extensively studied, most work focused only on three-
link and global controllability. This paper thus has two con-
tributions: 1) using Lie brackets to study the accessibility and
STLC for underactuated two-link manipulators with different
actuator configurations, and illustrating the results from a
perspective of system dynamics, 2) obtaining the accessibility
and STLC results for N-link manipulators with one unactuated
joint by considering realistic models and different actuator
configurations. It is found that an N-link (N ≥ 3) with the first
joint actuated is STLC for a subset of equilibrium points based
on Sussmann’s general theorem for STLC. Moreover, with the
dynamics of N-link considered in the controllability analysis,
it gives relatively simple forms for the nontrivial vector fields,
which make it easy to determine at which configurations a
model loses full rank condition for accessibility.
I. INTRODUCTION
Underactuated mechanical systems (UMS) [1] have been
widely studied for several decades. Examples of UMS in-
clude spacecraft, snake robots, biped robots, underactuated
manipulators etc. One of the most important challenges for
UMS is the control problem, since many traditional control
methods are not directly applicable in this area. Prior to
controller design for an UMS, controllability should be
investigated.
Control of a vertical two-link underactuated robots has
been studied in [2]–[5] by presenting a partial feedback
linearization method. The idea is to first apply the partial
feedback linearization to drive the system to a basin of
attraction of a linear regulator, and then switch to Linear
Quadratic Regulator to balance the robot. The work in [6],
[7] further considered the passivity properties of the systems
and proposed energy-based control method that does not
require high gains. It can be noted that these methods require
the linearization-based controllability at the equilibrium.
However, it is easily verified that the linearization of an
underactuated horizontal manipulator is not controllable at
the equilibrium because of the absense of a gravity force,
which makes the control problem for a horizontal pendubot
more difficult in some sense.
Later research work thus turned more towards the non-
linear control theories to tackle the control problem for
a horizontal underactuated manipulator. The work in [8]
studied controllability for underactuated systems based on
the control-affine form of the system and neglecting the
model dynamics, and it provided sufficient conditions for
STLC at the equilibrium. The work in [9] exploited the time
reversal property and showed that a horizontal manipulator
with one unactuated joint is controllable, i.e., there exists an
admissible trajectory to drive a state to any other state, if and
only if the first joint is actuated. The work in [10] showed
STLC for a three-link horizontal pendubot by assuming a
simplified model and neglecting the dynamics of the first and
second links, which thus converting the original problem to a
STLC problem for an underactuated hovercraft. In contrast,
the work in [11] also focused on three-link horizontal planar
underactuated manipulators but discussed the STLC for
models at various actuator configurations with the dynamics
considered. The work in [12], [13] introduced a new notion
of kinematic controllability for underactuated mechanical
systems and proposed the decoupling vector fields method,
which was implemented on planning a collision-free trajec-
tory for a three-link horizontal pendubot.
Note that most of the previous studies focused on three-
link and global controllability. Even though STLC was
discussed in some literatures, the controllability analysis
was based on a control-affine form, with model dynamics
neglected. The work in [14] thus extended the previous
controllability results to a more general case, by considering
a realistic N-link horizontal pendubot and exploiting Lie
brackets to study the accessibility and STLC for the model.
This paper considers both pendubot and acrobot, i.e., a
horizontal planar manipulator with one unactuated joint that
may occur at any position. Through comparison and anal-
ysis, it provides more complete and insightful results about
the controllability for underactuated horizontal manipulators.
Section II provides a brief review on the tools for studying
nonlinear controllability. Section III and IV demonstrate the
main results of the paper.
II. INTRODUCTION TO NONLINEAR CONTROLLABILITY
Consider a control-affine nonlinear system [15]
x˙ = f (x)+
m
∑
i=1
gi(x)ui, (1)
where x = (x1, . . . ,xn) are local coordinates for a smooth
manifold M (the state space manifold), u = (u1, . . . ,um) are
input controls, and f ,g1, . . . ,gm are smooth vector fields on
M . The principle question about controllability of a nonlin-
ear system is whether there exists an admissible trajectory
from any given initial point to any final point on M with a
suitable choice of control inputs. The simplest way to study
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it is to consider linearization of the system at equilibrium,
since the controllability for a linear system can be easily
verified with Kalman rank condition [16].
However, the linearization lacks much of the structure of
the original system, and it occurs often that a nonlinear
system is controllable while its lineariation is not. The
accessibility algebra C for the system (1) is the smallest
algebra of the Lie algebra of vector fields on M that
contains f ,g1, . . . ,gm. Define the accessibility distribution,
∆ , generated from the accessibility algebra C ,
∆(x) = span{X(x)|X ∈ C },
where X is a vector field onM . A system is locally accesible
from x0 ∈ Rn if the set of reachable states from x0 within
time T has a non-empty interior for all T > 0.
Theorem 1 (from [15]): The system (1) is locally acces-
sible from x0 if and only if
dim ∆(x0) = n.
Moreover, the distribution ∆ is said to be regular [17] if the
dimension of the subspace ∆(x) does not vary with x. For
a system that is locally accessible from almost any state, it
may lose the full rank condition for accessibility at some
states, which we name singular states.
Accessibility is a necessary but not sufficient condition for
controllability. Sussmann [18] provided sufficient conditions
for small-time local controllability (STLC) of a system. The
definition of STLC from x0 is that the set of reachable states
from x0 within time T has a non-empty interior for all T > 0
and the state x0 is in the interior. Furthermore, if a system
is STLC from all states in the manifold M , the system can
be controlled on M by designing a STLC-based controller
to connect from any intial state to any final state.
Consider a Lie bracket B generated from the vector fields
on the manifold M , and δ 0(B),δ 1(B), . . . ,δm(B) represent
the occurrence numbers of the vector fields f ,g1, . . . ,gm in
B respectively. The bracket B is bad if δ 0(B) is odd and
δ 1(B), . . . ,δm(B) are all even (including zero). A bracket is
good if it is not bad. A θ -degree δθ (B) is defined for the
vector field B by [19]
δθ (B) =
m
∑
j=0
θ jδ j(B),
where the numbers θ0,θ1, . . . ,θm satisfy θ j ≥ θ0 ≥ 0, j =
1, . . . ,m. A bad bracket is said to be θ -neutralized if it is a
linear combination of lower θ -degree good brackets.
Theorem 2 (from [19]): A system is STLC from an equi-
librium point if there exist a sufficient number of good
brackets at the equilibrium point to span the full-dimensional
space and all bad brackets are θ -neutralized.
The following theorem provides a criterion for the non-
trivial brackets at the equilibrium states. The proof can be
found in VI-B, which follows the same line with [20].
Theorem 3: For the N-link horizontal planar manipulators
with one unactuated joint, the only nontrivial brackets eval-
Fig. 1. Two-link horizontal manipulators. No gravity concerned in the
dynamics. Left: pendubot, right: acrobat. The masses, moments of inertia,
link lengths and distances between center of masses and corresponding joints
are m1, I1, l1, lc1 for the link 1, and m2, I2, l2, lc2 for the link 2.
uated at the equilibrium are those satisfying
m
∑
i=1
δ i(B)−δ 0(B) = 0 or 1.
III. TWO-LINK MODEL
To set up the general N-link results, this section presents
accessibility and STLC results for two-link horizontal ma-
nipulators with one degree of unactuation. The two-link has
two possible configurations as illustrated in Fig. 1. Define:
α1 = m1l2c1 +m2l
2
1 + I1, α2 = m2l
2
c2 + I2, β1 = m2l1lc2 .
A. Pendubot Configuration
The dynamics for a horizontal pendubot are described by[
M11 M12
M21 M22
][
q¨1
q¨2
]
+
[
C1
C2
]
=
[
τ1
0
]
, (2)
where in the inertia matrix, 1
M11 = α1+α2+2β1c2 M12 = α2+β1c2
M21 = α2+β1c2 M22 = α2
and in the Coriolis matrix,
C1 =−2β1q˙1q˙2s2−β1q˙22s2 C2 = β1q˙21s2.
In order to simplify the nonlinear controllability analysis,
partial feedback linearization [3] is performed to transform
the model dynamics to a simpler form. We introduce an input
u1. The control input τ1 can thus be designed by
τ1 =
M22C1−M12C2
M22
+
M11M22−M12M21
M22
u1, (3)
which yields to
q¨1 = u1
q¨2 =− C2M22 −
M21
M22
u1.
(4)
Let x1 = q1, x2 = q2, x3 = q˙1 and x4 = q˙2, which gives,
x˙ = f (x)+g1(x)u1, (5)
where the state vector x = (x1, x2, x3, x4), the drift field
f (x) = (x3, x4, 0,−C2/M22), and the input vector field
1s2 and c2 are abbreviations for sin(q2) and cos(q2), respectively.
g1(x) = (0, 0, 1,−M21/M22). The equilibrium points are
zero-velocity states, where q˙1 = q˙2 = 0.
Theorem 4: A two-link horizontal pendubot is accessible
from almost any state.
Proof: Consider
g1(x) = (0, 0, 1, A1(x))
[ f ,g1](x) = (−1,−A1(x), 0, A2(x))
[g1, [ f ,g1]](x) = (0, 0, 0, A3(x))
[ f , [g1, [ f ,g1]]](x) = (0,−A3(x), 0, A4(x)),
(6)
where
A1(x) =−α2+β1 cos(x2)α2
A2(x) =
β1(2x3+ x4)sin(x2)
α2
A3(x) =−β
2
1 sin(2x2)
α22
A4(x) =−2β
2
1 x4 cos(2x2)
α22
.
When A3(x) 6= 0, i.e., x2 6= kpi/2, k ∈ Z, the vector fields
0
0
1
A1(x)

︸ ︷︷ ︸
g1

0
0
0
A3(x)

︸ ︷︷ ︸
[g1,[ f ,g1]]

−1
−A1(x)
0
A2(x)

︸ ︷︷ ︸
[ f ,g1]

0
−A3(x)
0
A4(x)

︸ ︷︷ ︸
[ f ,[g1,[ f ,g1]]]
are independent and span the state space.
Accessibility is necessary condition for controllability,
and [9] has proven that such horizontal pendubot is com-
pletely controllable, i.e., there exists an admissible trajectory
from any given initial point to any given final point. However,
we will show that the pendubot does not satisfy the sufficient
conditions for STLC in these coordinates. Recall that STLC
is not a coordinate invariant property [21].
Theorem 5: The two-link horizontal pendubot does not
satisfy the sufficient conditions for STLC stated in Theo-
rem 2.
Remark: The nontrivial brackets at equilibrium are,
Degree 1: { f , g1}
Degree 2: {[ f ,g1]}
Degree 3: {[g1, [ f ,g1]}
Degree 4: {[ f , [g1, [ f ,g1]]], [g1, [ f , [ f ,g1]]]}.
When the degree is over 3, the nontrivial brackets at equi-
librium should contain at least two f and two g1. Otherwise,
the brackets are trivial at equilibrium by Theorem 3, such as
[ f , f , [ f ,g1]] and [g1, [g1, [ f ,g1]]] are trivial at equilibrium.
Proof: Of the four vector fields in Eq. (6), [g1, [ f ,g1] is
a bad bracket. The goal is to find good brackets with lower
θ -degree to neutralize [g1, [ f ,g1]]. Obviously it cannot be
θ -neutralized by g1 and [ f ,g1], since they are independent
except when A3(x) = 0 making [g1, [ f ,g1]] trivial.
Using Theorem 3, the nontrivial good brackets (evaluated
at the equilibrium) except g1, [ f ,g1] and [ f , [g1, [ f ,g1]]]
should contain at least two g1 and two f , leading to a
θ -degree no smaller than that for [g1, [ f ,g1]]. Therefore
[g1, [ f ,g1]] cannot be θ -neutralized, and thus the two-link
horizontal pendubot does not satisfy the sufficient conditions
for STLC.
B. Acrobat Configuration
The dynamics for a horizontal acrobat are described by[
M11 M12
M21 M22
][
q¨1
q¨2
]
+
[
C1
C2
]
=
[
0
τ1
]
, (7)
where the inertia and Coriolis matrices are the same with
those in Eq. (2).
We introduce an input u1, and design the control input τ1
by
τ1 =
M11C2−M21C1
M11
+
M11M22−M12M21
M11
u1, (8)
which yields to
q¨1 =− C1M11 −
M12
M11
u1
q¨2 = u1.
(9)
Let x1 = q1, x2 = q2, x3 = q˙1 and x4 = q˙2, which gives,
x˙ = f (x)+g1(x)u1, (10)
where the state vector x = (x1, x2, x3, x4) , (q1, q2, q˙1, q˙2),
the drift field f (x) = (x3, x4,−C1/M11, 0), and the input
vector field g1(x) = (0, 0,−M12/M11, 1).
Lemma 6: Let ∆ be be a non-singular distribution on M
generated by vector fields f1, . . . , fr. ∆ is involutive if and
only if [ fi, f j] ∈ ∆ for all 1≤ i, j ≤ r.
Proof: 1) Necessity can be easily proven by the
definition of “involutive distribution”.
2) Sufficiency: Pick any two vector fields k1,k2 ∈ ∆ ,
k1 =
r
∑
p=1
αp fp
k2 =
r
∑
q=1
βq fq,
which yield to the bracket between these two vector fields,
[k1,k2] =
r
∑
p=1
r
∑
q=1
αpβq[ fp, fq].
Since [ fi, f j] ∈ ∆ for all 1 ≤ j, j ≤ r, we can conclude
[k1,k2] ∈ ∆ , and thus the distribution ∆ is involutive.
Theorem 7: A two-link horizontal acrobat is not accessi-
ble from any state.
Proof: The first-order Lie brackets for the model are
f (x) = (x3, x4, A1(x), 0)
g1(x) = (0, 0, A2(x), 1),
the nontrivial second-order brackets are
[ f ,g1](x) = (−A2(x),−1,−A1(x)/x4, 0),
and the nontrivial third-order brackets are
[ f , [ f ,g1]](x) = (A3(x), 0, 0, 0),
where
A1(x) =
2β1x3x4 sin(x2)+β1x24 sin(x2)
α1+α2+2β1 cos(x2)
A2(x) =− α2+β1 cos(x2)α1+α2+2β1 cos(x2)
A3(x) =
2β1(α1x3+α2(x3+ x4)+β1(2x3+ x4)cos(x2))sin(x2)
(α1+α2+2β1 cos(x2))2
.
Note that the bracket [ f , [ f ,g1]] is a linear combination of
two lower-order vector fields f and [ f ,g1] by
[ f , [ f ,g1]] =
A3
−x4A2+ x3 ( f + x4 · [ f ,g1]) .
Using Lemma 6, the distribution ∆ generated by f , g1 and
[ f ,g1] is involutive. The dimension of the distribution
dim(∆) = 3,
which is smaller than the dimension of the state space
manifold M . Therefore, the two-link horizontal acrobat is
not accessible from any state.
In fact, if we consider the distribution only on the manifold
of all equilibrium points (x3 = x4 = 0), the dimension of
the distribution is two. The results are consistent with the
results in [22]. For a horizontal acrobat, because q1 is a cyclic
coordinate (which does not enter the inertia matrix) and no
gravity is concerned in the dynamics, the first row in Eq. (7),
M11q¨1+M12q¨2+C1 = 0 (11)
can be partially integrated [22] to
M11q˙1+M12q˙2+ k1 = 0, (12)
where k1 is constant.
Eq. (12) provides a constraint on the velocity states,
which can also be derived by momentum conservation. This
explains why the dimension of the distribution ∆ is 3 in
general. Further considering only the equilibrium points,
k1 = 0 in this case. Eq. (12) can be further integrated to
a holonomic constraint,
q2 =
α1−α2
2
arctan(
√
(α1+α2)2−4α23
α1+α2+2α3
tan
q2
2
)+k2, (13)
where k2 is constant. Hence, when evaluating on the manifold
of equilibrium points, the dimension of ∆ is reduced to 2.
Corollary 7.1: The two-link horizontal acrobat is not
STLC from any state.
IV. THREE-LINK TO N-LINK MODEL
A. Three-link Analysis
The configurations of three-link horizontal manipulators
are shown in Figure 2. The work in [9] has proven that a
horizontal three-link with the first joint actuated is control-
lable, while a three-link with the first joint unactuated is not.
We will briefly present the accessibility and STLC results
for the three configurations. Modeling for the three-link,
underactuated horizontal manipulators and applying partial
feedback linearization to simplify the equations can be found
in VI-A. The notions for some moments of inertia can also
be found in VI-A.
Fig. 2. Three-link horizontal manipulators. No gravity concerned in
the dynamics. Configurations 1 and 2: actuated at least at the first joint,
configuration 3: unactuated at the first joint. The masses, moments of inertia,
link lengths and distances between center of masses and corresponding joints
are m1, I1, l1, lc1 for the link 1, m2, I2, l2, lc2 for the link 2, and m3, I3, l3,
lc3 for the link 3.
1) Configuration 1: The dynamics can be written in
control-affine form
x˙ = f (x)+g1(x)u1+g2(x)u2, (14)
where x = (x1, x2, x3, x4, x5, x6) , (q1, q2, q3, q˙1, q˙2, q˙3),
f (x) = (x4, x5, x6, 0, 0, P(x)), g1(x) = (0, 0, 0, 1, 0, Q1(x)),
and g2(x) = (0, 0, 0, 0, 1, Q2(x)), and
P(x) =−x
2
4(β3 sin(x3)+β4 sin(x2+ x3))+2x4x5β3 sin(x3)
α3
− β3x
2
5 sin(x3)
α3
Q1(x) =−α3+β3 cos(x3)+β4 cos(x2+ x3)α3
Q2(x) =−α3+β3 cos(x3)α3 .
Theorem 8: The three-link horizontal pendubot with con-
figuration 1 is accessible from almost any state.
Proof: We can pick six vector fields as follows,
g1(x) = (0, 0, 0, 1, 0, Q1(x))
g2(x) = (0, 0, 0, 0, 1, Q2(x))
[ f ,g1](x) = (−1, 0,−Q1(x), 0, 0, ∗)
[ f ,g2](x) = (0,−1,−Q2(x), 0, 0, ∗)
[g1, [ f ,g2]](x) = (0, 0, 0, 0, 0, R1(x))
[ f , [g1, [ f ,g2]]](x) = (0, 0,−R1(x), 0, 0, ∗)
(15)
where
R1(x) =−β3(β3 sin(2x3)+β4 sin(x2+2x3))α23
,
and ∗ represents an arbitrary expression.
When R1(x) 6= 0, i.e., β3 sin(2x3) + β4 sin(x2 + 2x3) 6= 0,
the above six vector fields
0
0
0
1
0
Q1(x)

︸ ︷︷ ︸
g1

0
0
0
0
1
Q2(x)

︸ ︷︷ ︸
g2

0
0
0
0
0
R1(x)

︸ ︷︷ ︸
[g1,[ f ,g2]]
−1
0
−Q1(x)
0
0
∗

︸ ︷︷ ︸
[ f ,g1]

0
−1
−Q2(x)
0
0
∗

︸ ︷︷ ︸
[ f ,g2]

0
0
−R1(x)
0
0
∗

︸ ︷︷ ︸
[ f ,[g1,[ f ,g2]]]
are independent by inspection and span the state space.
Remark: Some of the singular states include cases when
x2 = k1pi and x3 = k2pi/2 where k1, k2 ∈ Z.
Accessibility only guarantees that the dimension of reach-
able space from the states is full dimension. We further check
STLC that enables changing the states in all directions within
any time T > 0 for three-link horizontal pendubots.
Theorem 9: The three-link horizontal pendubot with con-
figuration 1 as described by Eq. (41) is STLC from a subset
of equilibrium points.
Proof: Note that all the brakcets in Eq. (15) are good.
We have to show that all bad Lie brackets are θ -neutralized.
Two bad brackets that have the same number of vector fields
as [g1, [ f ,g2]] are
[g1, [ f ,g1]](x) = (0, 0, 0, 0, 0, R2(x))
[g2, [ f ,g2]](x) = (0, 0, 0, 0, 0, R3(x)),
where
R2(x) =−β4(β4 sin(2(x2+ x3))+2β3 sin(x2+2x3))α23
− β
2
3 sin(2x3)
α23
R3(x) =−β
2
3 sin(2x3)
α23
.
Since they cannot be neutralized by [g1, [ f ,g2]] at the same
time, we assign the θ -degrees to f , g1 and g2 by setting θ0 =
1, θ1 = 1 and θ2 = 2, which will give the θ -degrees 4, 3, 5
for [g1, [ f ,g2]], [g1, [ f ,g1]] and [g2, [ f ,g2]] respectively. This
indicates that the bad bracket [g2, [ f ,g2]] can be neutralized
by the good bracket [g1, [ f ,g2]], while [g1, [ f ,g1]] cannot.
Therefore, we have to require [g1, [ f ,g1]] to be trivial to make
the θ -neutralization happen for the two bad brackets. Hence,
the maximum θ -degree for all vector fields in Eq. (15) is 5.
Note that the two bad brackets [ f , [ f , [g1, [ f ,g1]]]] and
[g1, [g1, [g1, [ f ,g1]]]] also have 5 as the θ -degree, but by
using Theorem 3 they are equal to zero when evaluated at
the equilibrium. The θ -degree for all other bad brackets is
greater than 5 and can thus be neutralized.
Another way to assign the θ -degrees to f , g1 and g2
is θ0 = 1, θ1 = 2, and θ2 = 1, which will give the θ -
degrees 4, 5, 3 for [g1, [ f ,g2]], [g1, [ f ,g1]] and [g2, [ f ,g2]]
respectively. In this case, we need to make [g2, [ f ,g2]]
trivial in order to neutralize both bad brackets. Thus the
system is STLC from all equilibrium states xe satisfying
R2(xe)R3(xe) = 0 and R1(xe) 6= 0.
Remark: The pendubot with configuration 1 is STLC
from the equilibrium states when x3 = k1pi/2 and x2 6= k2pi ,
k1, k2 ∈ Z. Theorem 9 does not claim that the system is
not STLC from the equilibrium points that fail to satisfy
R2(xe)R3(xe) = 0 and R1(xe) 6= 0, since Sussmann’s general
theorem provides sufficient conditions on STLC, which is
also a stronger property than controllability.
2) Configuration 2: Following the same analysis for con-
figuration 1, it can be shown that the three-link horizontal
pendubot with configuration 2 is accessible from almost any
state and STLC from a subset of equilibrium points.
3) Configuration 3: The dynamics are described by
x˙ = f (x)+g1(x)u1+g2(x)u2, (16)
where x = (x1, x2, x3, x4, x5, x6) , (q1, q2, q3, q˙1, q˙2, q˙3),
f (x) = (x4, x5, x6, S(x), 0, 0), g1(x) = (0, 0, 0, T1(x), 1, 0),
and g2(x) = (0, 0, 0, T2(x), 0, 1), and
S(x) =
Num1
Den
, T1(x) =
Num2
Den
, T2(x) =
Num3
Den
,
and
Num1 = β4(x5+ x6)(2x4+2x5+ x6)sin(x2+ x3)
+β3x6(2x4+2x5+ x6)sin(x3)
+(β1+β2)(2x4+ x5)x5 sin(x2)
Num2 =−α2−α3− (β1+β2)cos(x2)−2β3 cos(x3)
−β4 cos(x2+ x3)
Num3 =−α3−β3 cos(x3)−β4 cos(x2+ x3)
Den = α1+α2+α3+2(β1+β2)cos(x2)+2β3 cos(x3)
+2β4 cos(x2+ x3).
Theorem 10: The three-link horizontal manipulator with
configuration 3 is not accessible from any state.
Proof: Consider a distribution,
∆ = { f , g1, g2, [ f ,g1], [ f ,g2]},
where
[ f ,g1](x) = [−T1(x),−1, 0,V1(x), 0, 0]
[ f ,g2](x) = [−T2(x), 0,−1,V2(x), 0, 0],
and
V1(x) =
Num4
Den
,V2(x) =
Num5
Den
Num4 =−(β1+β2)(2x4+ x5)sin(x2)
−β4(2x4+ x5+ x6)sin(x2+ x3)
Num5 =−β3(2x4+2x5+ x6)sin(x3)
−β4(2x4+ x5+ x6)sin(x2+ x3).
Fig. 3. An N-Link horizontal manipulator with only one unactuated joint.
q1 is used to label the unactuated joint. If that joint is not the first (base)
joint, the manipulator is accessible from almost any state, and also STLC
from a subset of equilibrium points. Otherwise it is neither accessible nor
STLC from any state.
It can be easily shown that
[g1,g2] = 0
[gi, [ f ,g j]] = 0 for i, j = 1,2,
and [ f , [ f ,g1]], [ f , [ f ,g2]] and [[ f ,g1], [ f ,g2]] are linear com-
binations of f , [ f ,g1] and [ f ,g2]. By using Lemma 6, the
distribution ∆ is involutive, with the dimension of 5. We
thus conclude that the three-link horizontal manipulator with
configuration 3 is not accessible from any state.
Corollary 10.1: The three-link horizontal manipulator
with configuration 3 is not STLC from any state.
B. N-link Analysis
In this section, we will extend the previous conclusions
for a three-link manipulator to a more general case, i.e., for
an N-link (N ≥ 3) manipulator. Note that the previous results
can be used to verify the following computations.
Theorem 11: For an N-link (N ≥ 3) horizontal manipula-
tor with one unactuated joint, if the first joint is actuated,
it is accessible from almost any state, and also STLC from
a subset of equilibrium points based on Sussmann’s general
theorem for STLC [18]. Otherwise, it is neither accessible
nor STLC from any state.
Proof: The N-Link horizontal model is illustrated in
Fig. 3. The unactuated joint can be any among the N
joints. For convenience of expressions, we always use q1
to denote the unactuated joint. The other actuated joints
are thus denoted as q2, . . . ,qn, respectively. Define the con-
figuration states q , (q1 ,q2, . . . , qn) and the velocity states
q˙, (q˙1, q˙2, . . . , q˙n). For a general N-link model, the kinetic
energy is T = (1/2)Mi j(q)q˙iq˙ j where i, j = 1,2, . . . ,n, so
d
dt
(
∂T
∂ q˙k
)
− ∂T
∂qk
= τk k = 1,2, . . . ,n (17)
d
dt
(
1
2
Mk jq˙ j +
1
2
Mikq˙i
)
− 1
2
∂Mi j
∂qk
q˙iq˙ j = τk. (18)
Using symmetry of Mi j, simplifies Eq. (18)
d
dt
(Mikq˙i)− 12
∂Mi j
∂qk
q˙iq˙ j = τk (19)
Mikq¨i+
∂Mik
∂q j
q˙iq˙ j− 12
∂Mi j
∂qk
q˙iq˙ j = τk. (20)
Using partial feedback linearization, we introduce new
inputs u2, . . . ,un and construct the control inputs by
τk =
M1k
M11
(
1
2
∂Mi j
∂q1
q˙iq˙ j− ∂Mi1∂q j q˙iq˙ j−
l=n
∑
l=2
Ml1ul
)
+
l=n
∑
l=2
Mlkul +
∂Mik
∂q j
q˙iq˙ j− 12
∂Mi j
∂qk
q˙iq˙ j,
(21)
which give
q¨1 =
1
M11
(
1
2
∂Mi j
∂q1
q˙iq˙ j− ∂Mi1∂q j q˙iq˙ j−
l=n
∑
l=2
Mi1ui
)
q¨2 = u2
...
q¨n = un.
(22)
Therefore, the equation of dynamics for a general N-Link
model is
x˙ = f (x)+g2(x)u2+ . . .+gn(x)un, (23)
where the states x = (q1, q2, . . . , qn, q˙1, q˙2, . . . , q˙n), and
f (x) =

q˙1
q˙2
...
q˙n
fˆ (q, q˙)
0
...
0
0
0
...
0

ga(x) =

0
0
...
0
gˆa(q)
0
...
0
1
0
...
0

a = 2, . . . , n
← (n+a)-th row
(24)
fˆ (q, q˙) =
1
M11
(
1
2
∂Mi j
∂q1
q˙iq˙ j− ∂Mi1∂q j q˙iq˙ j
)
(25)
gˆa(q) =−Ma1M11 . (26)
The Lie brackets are given by
[ f ,ga](x) =

−gˆa(q)
0
...
0
−1
0
...
0
Pa(x)
0
...
0

← a-th
row
[ga, [ f ,gb]](x) =

0
0
...
0
0
0
...
0
Pab(x)
0
...
0

[ f , [ga, [ f ,gb]]](x) =

−Pab(x)
0
...
0
∗
0
...
0

,
(27)
where a, b = 2, . . . , n, an arbitrary expression is represented
by ∗ and
Pa(x) =
∂ gˆa(q)
∂qi
q˙i− ∂ fˆ (q, q˙)∂ q˙a −
∂ fˆ (q, q˙)
∂ q˙1
gˆa(q) (28)
Pab(x) =
∂ gˆb(q)
∂qa
+
∂ gˆa(q)
∂qb︸ ︷︷ ︸
1
−∂
2 fˆ (q, q˙)
∂ q˙a∂ q˙b︸ ︷︷ ︸
2
−gˆa(q)gˆb(q)∂
2 f (q, q˙)
∂ q˙21︸ ︷︷ ︸
3
−gˆa(q)∂
2 fˆ (q, q˙)
∂ q˙1q˙b︸ ︷︷ ︸
4
−gˆb(q)∂
2 fˆ (q, q˙)
∂ q˙1∂ q˙a︸ ︷︷ ︸
5
+gˆa(q)
∂ gˆb(q)
∂q1︸ ︷︷ ︸
6
+gˆb(q)
∂ gˆa(q)
∂q1︸ ︷︷ ︸
7
.
(29)
Substituting Eq. (25) and (26) into Eq. (28), the three terms
in Eq. (28) are computed in order,
∂ gˆa(q)
∂qi
q˙i =− 1M211
(
M11
∂Ma1
∂qi
−Ma1 ∂M11∂qi
)
q˙i
−∂ fˆ (q, q˙)
∂ q˙a
=
1
M11
∂Ma1
∂qi
q˙i+
1
M11
∂Mi1
∂qa
q˙i− 1M11
∂Mia
∂q1
q˙i
−∂ fˆ (q, q˙)
∂ q˙1
gˆa(q) =
(
1
M11
∂M11
∂qi
q˙i+
1
M11
∂Mi1
∂q1
q˙i
)(
−Ma1
M11
)
− 1
M11
∂Mi1
∂q1
q˙i
(
−Ma1
M11
)
=−Ma1
M211
∂M11
∂qi
q˙i.
Summing the above three terms leads to
Pa(x) =
1
M11
∂Mi1
∂qa
q˙i− 1M11
∂Mia
∂q1
q˙i. (30)
Similarly, the seven terms in Eq. (29) are,
∂ gˆb(q)
∂qa
+
∂ gˆa(q)
∂qb
=− 1
M211
(
M11
∂Mb1
∂qa
−Mb1 ∂M11∂qa
)
− 1
M211
(
M11
∂Ma1
∂qb
−Ma1 ∂M11∂qb
)
,
−∂
2 fˆ (q, q˙)
∂ q˙a∂ q˙b
=
1
M11
∂
∂ q˙a
(
∂Mb1
∂q j
q˙ j +
∂Mi1
∂qb
qi− ∂Mib∂q1 q˙i
)
=
1
M11
(
∂Mb1
∂qa
+
∂Ma1
∂qb
− ∂Mab
∂q1
)
,
−gˆa(q)gˆb(q)∂
2 f (q, q˙)
∂ q˙21
=−Ma1
M11
Mb1
M11
(
− 1
M11
∂M11
∂q1
)
=
Ma1Mb1
M311
∂M11
∂q1
,
−gˆa(q)∂
2 fˆ (q, q˙)
∂ q˙1q˙b
=−Ma1
M11
(
1
M11
∂M11
∂qb
)
=−Ma1
M211
∂M11
∂qb
,
−gˆb(q)∂
2 fˆ (q, q˙)
∂ q˙1q˙a
=−Mb1
M11
(
1
M11
∂M11
∂qa
)
=−Mb1
M211
∂M11
∂qa
,
gˆa(q)
∂ gˆb(q)
∂q1
=−Ma1
M11
(
− 1
M211
(
M11
∂Mb1
∂q1
−Mb1 ∂M11∂q1
))
=
Ma1
M211
∂Mb1
∂q1
− Ma1Mb1
M311
∂M11
∂q1
,
gˆb(q)
∂ gˆa(q)
∂q1
=−Mb1
M11
(
− 1
M211
(
M11
∂Ma1
∂q1
−Ma1 ∂M11∂q1
))
=
Mb1
M211
∂Ma1
∂q1
− Mb1Ma1
M311
∂M11
∂q1
.
Summing the above seven terms yields to
Pab(x) =
1
M211
∂ (Ma1Mb1)
∂q1
− 1
M11
∂Mab
∂q1
− Ma1Mb1
M311
∂M11
∂q1
.
(31)
Case 1: when the first joint is actuated
Observe that the Pab(x) in Eq. (31) is only dependent on
the configuration states q. We pick 2n vector fields as follows,
0
0
...
0
Pab(x)
0
0
0
...
0
0

︸ ︷︷ ︸
[ga,[ f ,gb]]

0
0
...
0
gˆ2(q)
1
0
0
...
0
0

︸ ︷︷ ︸
g2

0
0
...
0
gˆ3(q)
0
1
0
...
0
0

︸ ︷︷ ︸
g3
. . .

0
0
...
0
gˆn(q)
0
0
0
...
0
1

︸ ︷︷ ︸
gn
−Pab(x)
0
0
0
...
0
0
∗
0
...
0

︸ ︷︷ ︸
[ f ,[ga,[ f ,gb]]]

−gˆ2(q)
−1
0
0
...
0
0
P2(x)
0
...
0

︸ ︷︷ ︸
[ f ,g2]

−gˆ3(q)
0
−1
0
...
0
0
P3(x)
0
...
0

︸ ︷︷ ︸
[ f ,g3]
. . .

−gˆn(q)
0
0
0
...
0
−1
Pn(x)
0
...
0

︸ ︷︷ ︸
[ f ,gn]
,
(32)
where a and b are picked randomly from a set {2, . . . , n}.
When the Pab is non-zero, it is easy to show that
γ1[ga, [ f ,gb]]+ γ2g2+ γ3g3+ · · ·+ γngn+ γn+1[ f , [gk, [ f ,gl ]]]
+ γn+2[ f ,g2]+ γn+3[ f ,g3]+ · · ·+ γ2n[ f ,gn] = 0
is satisfied only when γ1 = γ2 = . . .= γ2n = 0, which indicates
that the 2n vector fields are linearly independent and span a
2n-dimensional space. Thus, the N-link horizontal pendubot
is accessible from almost any state. Next we consider STLC.
Since in the 2n vector fields in Eq. (32), a and b can be
picked arbitrarily from the set {2, . . . , n}, we further require
that a 6= b to obtain 2n good brackets. Moreover, we need
to verify whether all bad brackets can be θ -neutralized by
these good brackets. Following the same analysis for a three-
link pendubot, we first specify a control vector field ga, and
assign 1 as the θ -degree to the vector fields f and ga. All
other control vector fields have 2 as the θ -degree. Therefore,
the bad brackets
[gm, [ f ,gm]] where m = 2, ..., n and m 6= a,
can be neutralized by the good bracket [ga, [ f ,gm]].
However, the bad bracket [ga, [ f ,ga]] has lower degree than
the good one. We have to further make [ga, [ f ,ga]] trivial,
which is to require the Paa(x) = 0 in [ga, [ f ,ga]]. Therefore,
the maximum θ -degree for the 2n good brackets is 5.
Using Theorem 3, all other nontrivial bad brackets (eval-
uated at the equilibrium) have a θ -degree larger than 5, and
can thus be θ -neutralized easily. Because the specified ga can
be any vector field among {g2, . . . , gn}, it is concluded that
the system is STLC from any equilibrium state xe satisfying
1)Pab(xe) 6= 0
2)Paa(xe) = 0 or Pbb(xe) = 0,
for some a, b ∈ {2, . . . , n} and a 6= b.
Case 2: when the first joint is unactuated
The unactuated joint q1 is ankle joint, which does not
appear in the inertia matrix. Thus we have the fact that
∂Mi j
∂q1
= 0 i, j = 1,2 . . . ,n,
which leads to
Pa(x) =
1
M11
∂Mi1
∂qa
q˙i (33)
Pab(x) = 0. (34)
Thus we conclude that the vector fields [ga, [ f ,gb]] in Eq.
(27) are trivial. Furthermore, it can be easily computed for
the model that
[ f , [ f ,ga]](x) =

∗
0
...
0
Qa(x)
0
...
0

, a = 2, . . . ,n,
where
Qa(x) =
∂Pa(x)
∂qi
q˙i︸ ︷︷ ︸
1
+
∂Pa(x)
∂ q˙i
fˆ (q, q˙)︸ ︷︷ ︸
2
+
∂ fˆ (q, q˙)
q1
gˆa(q)︸ ︷︷ ︸
3
+
∂ fˆ (q, q˙)
∂qa︸ ︷︷ ︸
4
−∂ fˆ (q, q˙)
∂ q˙1
Pa(x)︸ ︷︷ ︸
5
,
i = 1,2, . . . ,n.
(35)
The five terms in Eq. (35) are,
∂Pa(x)
∂qi
q˙i =
(
1
M11
∂ 2M j1
∂qa∂qi
− 1
M211
∂M11
∂qi
∂M j1
∂qa
)
q˙iq˙ j,
∂Pa(x)
∂ q˙1
fˆ (q, q˙) =− 1
M211
∂M11
∂qa
∂Mi1
∂q j
q˙iq˙ j,
∂ fˆ (q, q˙)
q1
gˆa(q) = 0,
∂ fˆ (q, q˙)
∂qa
=
(
1
M211
∂M11
∂qa
∂ 2Mi1
∂q j
− 1
M11
∂Mi1
∂qa∂q j
)
q˙iq˙ j,
−∂ fˆ (q, q˙)
∂ q˙1
Pa(x) =
1
M211
∂Mi1
∂qa
∂M11
∂q j
q˙iq˙ j.
Summing the above terms yields to Qa(x) = 0, and thus
the vector field [ f , [ f ,ga]] is in the following form,
[ f , [ f ,ga]](x) =

∗
0
...
0
0
0
...
0

.
Recall from Eq. (27) that
[ f , [gb, [ f ,ga]]](x) =

−Pba(x)
0
...
0
∗
0
...
0

, (36)
where the ∗ in Eq. (36) is
∗= ∂Pba
∂qi
q˙i−Pba ∂ fˆ∂ q˙1 ,
and it leads to [ f , [gb, [ f ,ga]]] = 0 due to Pba = 0 in Eq. (34).
By using the Jacobi identity, we further have
[[ f ,ga], [ f ,gb]]+ [ f , [gb, [ f ,ga]]]+ [gb, [[ f ,ga], f ]] = 0, (37)
which yields to
[[ f ,ga], [ f ,gb]] = [gb, [ f , [ f ,ga]]]. (38)
Thus it can be easily checked that the vector field
[[ f ,ga], [ f ,gb]] is also in the form,
[[ f ,ga], [ f ,gb]](x) =

∗
0
...
0
0
0
...
0

, a,b = 2, . . . ,n.
Consider a linear combination of f , [ f ,g2], . . . , [ f ,gn],
f (x)+
a=n
∑
a=2
q˙a · [ f ,ga](x) =

∗
0
...
0
Q2(x)
0
...
0

,
where
Q2(x) = fˆ (q, q˙)+
a=n
∑
a=2
q˙aPa(x)
=− 1
M11
∂Mi1
∂q j
q˙iq˙ j +
a=n
∑
a=2
q˙a
(
1
M11
∂Mi1
∂qa
q˙i
)
=− 1
M11
∂Mi1
∂q1
q˙iq˙1 = 0.
(39)
Therefore, the vector fields [ f , [ f ,ga]] and [[ f ,ga], [ f ,gb]]
are both linear combinations of f , [ f ,g2], . . . , [ f ,gn], and the
accessibility distribution for the model
∆(x) = span{ f , ga, [ f ,ga]}, a = 2, . . . ,n (40)
is involutive with a dimension of 2n− 1. Thus it is not
accessible from any state x∈M . The result is consistant with
the fact of momentum conservation for an N-link horizontal
manipulator with the first joint unactuated. It can be naturally
extended that such model is not STLC either.
V. CONCLUSIONS
This paper presents the accessibility and small-time local
controllability (STLC) results for N-link horizontal planar
manipulators with one unactuated joint. Different actuator
configurations are considered. It exploits the Lie brackets to
show that the two-link pendubot is accessible from almost
any state but does not satisfy Sussmann’s general theorem
for STLC. In contrast, a two-link acrobat is not accessible
from any state, which is due to the angular momentum
conservation of the model. Furthermore, Lie brackets can
also show that the acrobat starting from zero-velocity states
has a codimension of two, which is due to that the second-
order nonholonomic constraint is reduced to a holonomic
constraint in this case.
As for N-link (N ≥ 3) manipulators with one unactuated
joint, it is found that the manipulator with the first joint
actuated is accessible from almost any state and STLC from a
subset of equilibrium points. Otherwise, the model is neither
accessible nor STLC from any state.
Another important contribution of the paper is that it
studies realistic N-link models and incorporates the dynamics
to the controllability analysis by using partial feedback
linearization and index notation, which turn out to give
relatively simple forms for some nontrivial vector fields
generated from Lie brackets. These expressions enable us
to determine at which configurations the model may lose
full rank condition for accessibility.
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VI. APPENDIX
A. Three-link model details
To facilitate the model expressions for three-link horizon-
tal manipulators, let [11],
α1 = m1l21c+m2l
2
1 +m3l
2
1 + I1
α2 = m2l22c+m3l
2
2 + I2
α3 = m3l23c+ I3
β1 = m2l1l2c
β2 = m3l1l2
β3 = m3l2l3c
β4 = m3l1l3c.
1) Configuration 1: The dynamics are described byM11 M12 M13M21 M22 M23
M31 M32 M33
q¨1q¨2
q¨3
+
C1C2
C3
=
τ1τ2
0
 , (41)
where 2
M11 = α1+α2+α3+2β1c2+2β2c2+2β3c3+2β4c23
M12 = α2+α3+(β1+β2)c2+2β3c3+β4c23
M13 = α3+β3c3+β4c23
M21 = M12
M22 = α2+α3+2β3c3
M23 = α3+β3c3
M31 = M13
M32 = M23
M33 = α3
C1 =−(2q˙1+ q˙2)q˙2(β1+β2)s2−β3(2q˙1+2q˙2+ q˙3)q˙3s3
−β4(q˙2+ q˙3)(2q˙1+ q˙2+ q˙3)s23
C2 = q˙21((β1+β2)s2+β4s23)−2β3q˙1q˙3s3−2β3q˙2q˙3s3
−β3q˙23s3
C3 = q˙21(β3s3+β4s23)+2q˙1q˙2β3s3+β3q˙
2
2s3.
Considering partial feedback linearization, we introduce
inputs u1 and u2, and design the control inputs τ1 and τ2 by
τ1 =
M11M33−M13M31
M33
u1+
M12M33−M13M32
M33
u2
+
M33C1−M13C3
M33
τ2 =
M21M33−M23M31
M33
u1+
M22M33−M23M32
M33
u2
+
M33C2−M23C3
M33
.
Thus, the dynamics equation (41) can be simplified asq¨1q¨2
q¨3
=
 u1u2
−M31/M33u1−M32/M33u2−C3/M33
 .
2s2, s3, s23, c2, c3, c23 are abbreviations for sin(q2), sin(q3), sin(q2 +
q3), cos(q2), cos(q3), cos(q2 +q3), respectively.
2) Configuration 2: The dynamics are described byM11 M12 M13M21 M22 M23
M31 M32 M33
q¨1q¨2
q¨3
+
C1C2
C3
=
τ10
τ2
 , (42)
where the inertia and Coriolis matrices are the same with
those in Eq. (41). Introduce inputs u1 and u2, and design the
control inputs τ1 and τ2 by
τ1 =
M11M22−M12M21
M22
u1+
M13M22−M12M23
M22
u2
+
M22C1−M12C2
M22
τ2 =
M22M31−M21M32
M22
u1+
M22M33−M23M32
M22
u2
+
M22C3−M32C2
M22
,
which yields toq¨1q¨2
q¨3
=
 u1−M21/M22u1−M23/M22u2−C2/M22
u2
 .
3) Configuration 3: The dynamics are described byM11 M12 M13M21 M22 M23
M31 M32 M33
q¨1q¨2
q¨3
+
C1C2
C3
=
 0τ1
τ2
 , (43)
where the inertia and Coriolis matrices are the same with
those in Eq. (41). Introduce inputs u1 and u2, and design the
control inputs τ1 and τ2 by
τ1 =
M11M22−M12M21
M11
u1+
M11M23−M13M21
M11
u2
+
M11C2−M21C1
M11
τ2 =
M11M32−M12M31
M11
u1+
M11M33−M13M31
M11
u2
+
M11C3−M31C1
M11
,
which yields toq¨1q¨2
q¨3
=
−M12/M11u1−M13/M11u2−C1/M11u1
u2
 .
B. Proof of Theorem 3
Proposition 1: Every element in the Lie algebra C is a
linear combination of vector fields of the form
[Xk, [Xk−1, [· · · , [X2,X1] · · · ]]], (44)
where Xi ∈ C , i = 1, · · · ,k.
It can be easily proven by induction. The proof can also
be found in [23].
Now consider a general N-link model as described in
section IV. Let X= { f ,g2, . . . ,gn}, and C is the Lie algebra
generated by the set X. Using Proposition 1, we only need
to consider brackets of the form (44). Define
Brk(X) =
{
B ∈ Br(X) |
n−1
∑
i=1
δ i(B)+δ 0(B) = k
}
,
Brl(X) =
{
B ∈ Br(X) |
n−1
∑
i=1
δ i(B)−δ 0(B) = l
}
,
where k is the common definition of the degree of B.
For a vector field containing polynomials, if the nonzero
components all have the same polynomial degree, we define
such degree as the polynomial degree of the vector field. If
all the components are zero, we define the polynomial degree
of the vector field as −1. To illustrate the idea, consider the
vector fields as follows,
V1 =
 00
x2
 , V2 =
00
0
 and V3 =
 x0
x2
 ,
where V1 has a polynomial (about x) degree of 2, V2 has
a polynomial degree of −1, and the polynomial degree of
V3 cannot be defined since it contains x and x2 that have
different polynomial degrees.
Lemma 12: Consider all vector fields generated by taking
the Lie brackets on X = { f ,g2, . . . ,gn}. The velocity coor-
dinates only appear as homogeneous polynomials, perhaps
with coefficients that are a function of the configuration
variables3. Split the vector fields into top half (horizontal
component) and bottom half (vertical component). The hor-
izontal and vertical components may have different polyno-
mial (about the velocity coordinates) degrees, and should
satisfy one of the following rules:
(i) Let l ≥−1, if the polynomial degree of the horizontal
component is l, then the polynomial degree of the vertical
component is l+1. Moreover, bracketing by f increases the
polynomial degree of both the horizontal and vertical com-
ponents by one, and bracketing by ga, a = 2, . . . ,n reduces
the polynomial degree of the components by one.
(ii) If the polynomial degree of the horizontal component
is −1, the polynomial degree of the vertical component is
−1. In this case, the vector field is trivial.
Remark: As a quick check, the lemma 12 is true for the
vector fields in Eq. (24) and (27). The horizontal component
of the vector field f has a polynomial degree of 1, and the
vertical component of f has a polynomial degree of 2, which
satisfy the rule (i). The horizontal component of the vector
field ga, a = 2, . . . ,n has a polynomial degree of −1, and
the vertical component of ga has a polynomial degree of 0,
which also satisfy the rule (i).
Moreover, when bracketing the vector field ga by f , we
generate a new vector field [ f ,ga], of which the horizontal
component has a polynomial degree of 0 and the vertical
component has a polynomial degree of 1. Both the horizontal
and vertical components of [ f ,ga] have one larger degree
than those of ga.
3For example, q˙21 sinq1 + q˙
2
2 + q˙1q˙3q6 is a second-order homogeneous
polynomial about the velocity coordinates.
Furthermore, when bracketing the vector field [ f ,gb] by
ga, we generate a new vector field [ga, [ f ,gb]], of which the
horizontal component has a polynomial degree of −1 and
the vertical component has a polynomial degree of 0. Both
the horizontal and vertical components of [ga, [ f ,gb]] have
one smaller degree than those of [ f ,gb].
Proof: Define vi = q˙i and denote the bracket
B = Bih(q,v)
∂
∂qi
+Biv(q,v)
∂
∂vi
or B =
[
Bih
Biv
]
where Bih is the horizontal component applied on the config-
uration states, and Biv is the vertical component applied on
the velocity states.
Now suppose the vector field B satisfies the rule (i). Define
B[l] as the horizontal component with polynomial (about
vi) degree of l and B[l+ 1] as the vertical component with
polynomial (about vi) degree of l+1. Thus, it can be written
B =
[
B[l]
B[l+1]
]
f =
[
f [1]
f [2]
]
ga =
[
ga[−1]
ga[0]
]
.
Bracketing B by f ,
[ f ,B] =
[ ∂B[l]
∂q
∂B[l]
∂v
∂B[l+1]
∂q
∂B[l+1]
∂v
](
f [1]
f [2]
)
−
[
0 I
∂ f [2]
∂q
∂ f [2]
∂v
](
B[l]
B[l+1]
)
.
In [ f ,B], the horizontal component is
∂B[l]
∂q
f [1]+
∂B[l]
∂v
f [2]−B[l+1].
∂B[l]/∂q has a polynomial degree of l, and multiplying it
by f [1] increases its degree to l + 1. Similarly, the other
two terms also have a polynomial degree of l+1. Thus, the
horizontal component of [ f ,B] has a polynomial degree of
l+1. And the vertical component is
∂B[l+1]
∂q
f [1]+
∂B[l+1]
∂v
f [2]− ∂ f [2]
∂q
B[l]− ∂ f [2]
∂v
B[l+1].
which has a polynomial degree of l + 2. Thus, both the
horizontal and vertical components of [ f ,B] have one larger
polynomial degree than those of B.
Bracketing B by ga,
[ga,B] =
[ ∂B[l]
∂q
∂B[l]
∂v
∂B[l+1]
∂q
∂B[l+1]
∂v
](
0
ga[0]
)
−
[
0 0
∂ga[0]
∂q 0
](
B[l]
B[l+1]
)
.
In [ga,B], the horizontal component is
∂B[l]
∂v
ga[0],
which has a polynomial degree of l− 1. And the vertical
component is
∂B[l+1]
∂v
ga[0]− ∂ga[0]∂q B[l],
which has a polynomial degree of l. Thus, both the hori-
zontal and vertical components of [ga,B] have one smaller
polynomial degree than those of B.
Note that when l = −1 for B, simple computation may
show that bracketing by ga will generate a new vector field
that satisfies the rule (ii).
When the polynomial degrees of both the horizontal and
vertical components are −1, which satisfies the rule (ii), the
vector field is trivial in this case, and bracketing by either f
or ga returns a zero vector field, which still satisfies the rule
(ii).
Lemma 13: Let k ≥ 1 be an integer, the bracket B ∈
Brk(X)∩Brl(X) is zero at the equilibrium states for l ≤−1.
Proof: The lemma is true for k = 1, in which f is the
only vector field satisfying l ≤−1. Suppose that the bracket
B is constructed by m vector field f and m+ l vector field
ga, a = 2, . . . ,n. Using lemma 12, through bracketing by f
and ga, the vector field B can have the polynomial degree of
−l for the horizontal component and the polynomial degree
of 1− l for the vertical component, or the vector field B is a
zero vector field. Since l ≤ −1, for both the two cases, the
bracket B ∈ Brk(X)∩Brl(X) is zero at the equilibrium states
for l ≤−1.
Lemma 14: Let k ≥ 2 be an integer, the bracket B ∈
Brk(X)∩Brl(X) is identically zero for l ≥ 2.
Proof: The proof follows the same line with the proof
for lemma 13. Since there are at least two more vector fields
ga than f in constructing the bracket B, by using lemma 12,
the generated bracket B is identically zero.
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